Decompositions
Let L be the graph displayed (three times) in Figure 11 .1. The second drawing of L in Figure 11 .1 shows that K 3,3 is a minor of L. Hence L is not planar. However, L does not contain K 5 as a minor. To see this, note that to obtain K 5 from L, we have to contract at least 5 edges to generate 5 vertices of degree 4. But then only 3 vertices remain.
An edge-maximal K 5 -minor free graph is a K 5 -minor free graph G such that for all G with V (G ) = V (G) and E(G ) ⊃ E(G) it holds that K 5 G .
Fact 11.1.1 (Wagner [115] ). Let G be an edge-maximal K 5 -minor free graph that has no separating clique. Then either G is planar or G ∼ = L.
Let L be the class of all graphs isomorphic to L, and recall that P denotes the class of planar graphs. It follows from Fact 11.1.1 that every K 5 -minor free graph has a tree decomposition over P ∪ L. We shall prove later that the class of K 5 -minor free graphs admits IFP-definable treelike decomposition over P ∪ L. The following consequence of Fact 11.1.1 is our starting point.
Lemma 11.1.2. Let G be a quasi-4-connected K 5 -minor free graph. Then either G is planar or G ∼ = L.
Proof. Suppose that the lemma is false and that G is a counterexample of minimum order. Then G is not planar and hence |G| ≥ 5. Let G ⊇ G with V (G ) = V (G) be edge-maximal K 5 -minor free. If G has no separating clique, then by Wagner's Theorem (Fact 11.1.1), either G ∼ = L or G is planar. If G is planar, then G is planar as well. Suppose that G is isomorphic to L. We shall prove that in this case either G is isomorphic to G or G is planar. Suppose that G is not isomorphic to G . Then there is at least one edge in E(G ) \ E(G). Consider the third drawing of G = L in Figure 11 .1, which is repeated in Figure 11 .2 with numbered vertices. If one of the horizontal edges (including the curved ones) is in E(G ) \ E(G), then G is planar, as can easily be seen from the drawing. (By symmetry we may assume that one of the crossing edges is deleted.) So suppose that all horizontal edges are in E(G). If at least two vertical edges are in E(G ) \ E(G), then again G is planar. To see this, suppose for example that the edges 26 and 48 are in E(G ) \ E(G). Then we can redraw the graph by placing vertex 8 in the interior of the cycle 1237651. So suppose that E(G ) \ E(G) consists of precisely one vertical edge. Then G is not quasi-4-connected, actually not even 3-connected. To see this, suppose for example that E(G ) \ E(G) = {26}. Then {1, 3} is a separator of G of order 2. This is a contradiction.
In the following, suppose that G has a separating clique. Let S be a minimal separating clique of G . Then |S| ≥ 3 because G ⊇ G is 3-connected. Furthermore, |S| ≤ 3. To see this, suppose for contradiction that |S| ≥ 4. Let A be a connected component of G \ S. By the minimality of S it holds that N G (A) = S. But then the minor G /A of G contains K 5 , which is a contradiction. Hence |S| = 3.
Since V (G) = V (G ) and E(G) ⊆ E(G ), the set S is also a 3-separator of G. As G is quasi-4-connected, it must be irrelevant. Thus G \ S has precisely two connected components, one of which consists of a single vertex v. Let H := (G \ {v}) ∪ K [S] . Then H is K 5 -minor free, because H ⊆ G . Furthermore, H is quasi-4-connected, because G is. By the minimality of G, it holds that H is either planar or isomorphic to L. As S is a 3-clique in H and L is contains no 3-clique, we have H ∼ = L. Hence H is planar. We fix some planar embedding of H. Then the 3-clique S becomes a simple closed curve in the plane. If one of the two regions of the plane bounded by this simple closed curve has an empty intersection with H, then we can extend the embedding to G by embedding the vertex v into this region. This contradicts our assumption that G is not planar. Hence both regions of the plane bounded by the simple closed curve have a nonempty intersection with H. But then S separates H, and therefore, G \ S has at least three connected components. This is a contradiction.
Corollary 11.1.3. The class of all quasi-4-connected K 5 -minor free graphs admits IFP-definable orders.
Case 2: J * t ∈ P. We assume that J * t is embedded in the sphere and show how to extend the embedding to J t . Consider an edge e = vw ∈ M t , and let v e be the vertex of J * t corresponding to e. By (ix) we have |N Jt (v) \ {w}| = |N Jt (w) \ {v}| = 2. Say, N Jt (v) \ {w} = {w , w } and N Jt (w)\{v} = {v , v }. By (ix) and (x), v , v , w , w correspond to four distinct vertices of J * t , which for simplicity we denote by v , v , w , w as well (even though they may actually be obtained by contracting other edges of M t ). Then N J * t (v e ) = {v , v , w , w }. Since v v , w w ∈ E(J * t ) by (ix) and J * t , both v , v and w , w must be adjacent in the cyclic ordering of the four vertices around v e induced by the embedding of J * t . But this means that we can "uncontract" the edge e and still embed the graph in the sphere by only changing the embedding locally around v e . We can do this independently for all edges in M t and hence obtain an embedding of J t in the sphere.
Definability
We now turn to the second main result of this chapter, the IFP-definability of the class of K 5 -minor free graphs. It follows from Corollary 2.2.4 that the class of all K 5 -minor free graphs is decidable in polynomial time. Combined with Corollary 11.1.5, this implies that the class is IFP+C-definable. To prove that is IFP-definable, we need the following lemma.
Lemma 11.2.1. The class P ∪ L is IFP-definable.
Proof. This follows from Theorem 9.3.5.
Lemma 11.2.2. A graph is K 5 -minor free if and only if it has a tree decomposition over P ∪ L.
Proof. The forward direction follows from Theorems 11.1.6 and 4.6.8. To prove the backward direction, let ∆ = (T, σ, α) be a tree decomposition of a graph G over P ∪ L. Suppose for contradiction that K 5 G, and let (Y i ) i∈ [5] be an image of K 5 in G. Then by Fact 4.1.3(3) there is a t ∈ V (T ) such that Y i ∩ β(t) = ∅ for all i ∈ [5]. This implies that K 5 τ (t) ∈ P ∪ L, which is a contradiction.
Theorem 11.2.3. The class of K 5 -minor free graphs is IFP-definable.
Proof. Follows from Theorem 11.1.6 and the previous two lemmas by Corollary 5.4.4 (to the Definability Lifting Lemma).
Remark 11.2.4. The results of this chapter can be proved rather effortless from the theory developed so far in this book. To appreciate what we achieved so far, the reader may try to find a direct IFP-definition of the class of K 5 -minor free graphs. This seems to be very difficult.
